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ON PRINCIPAL REALIZATION OF MODULES FOR THE
AFFINE LIE ALGEBRA A
(1)
1 AT THE CRITICAL LEVEL
DRAZˇEN ADAMOVIC´, NAIHUAN JING, AND KAILASH C. MISRA
Abstract. We present complete realization of irreducible A
(1)
1 –modules at
the critical level in the principal gradation. Our construction uses vertex al-
gebraic techniques, the theory of twisted modules and representations of Lie
conformal superalgebras. We also provide an alternative Z-algebra approach to
this construction. All irreducible highest weight A
(1)
1 –modules at the critical
level are realized on the vector space M 1
2
+Z
(1)⊗2 where M 1
2
+Z
(1) is the poly-
nomial ring C[α(−1/2), α(−3/2), ...]. Explicit combinatorial bases for these
modules are also given.
1. Introduction
Explicit realizations of affine Lie algebras and their representations have led to
many important connections with other areas of mathematics and physics. The
first explicit construction of the affine Lie algebra A
(1)
1 in terms of certain differen-
tial operators acting on a bosonic Fock space was given in [23]. This was followed
by a flurry of activities giving explicit realizations of affine Lie algebras and their
integrable representations in both the homogeneous and principal gradation. Mo-
tivated by connections of partition identities to affine Lie algebras, Lepowsky and
Wilson [24, 25] introduced certain nonassociative algebra called Z-algebra gener-
ated by certain operators centralizing the action of a suitable Heisenberg subalgebra
on the representation subspace. The Z-algebra has been used by several researchers
to prove new and known combinatorial identities using affine Lie algebra represen-
tations in category O.
The affine Lie algebra representations at the critical level are not in category
O, but seem to have richer structures (cf. [16, 5]). In 1986 Wakimoto [29] gave a
free field realization of the affine Lie algebra A
(1)
1 at an arbitrary level which has
been extended to other affine Lie algebras by Feigin and Frenkel [12, 13] . These
are called Wakimoto modules and they are reducible at integral levels. In [9], a
realization of A
(1)
1 at the critical level is given using a Clifford type algebra. In [2]
one of the authors introduced an infinite dimensional Lie superalgebra A and used
vertex-algebraic techniques to construct a family of irreducible representations of
A
(1)
1 at the critical level in the homogeneous picture. The principal realization of
2000 Mathematics Subject Classification. Primary 17B69, Secondary 17B67, 17B68, 81R10.
Key words and phrases. vertex superalgebras, affine Lie algebras, Clifford algebras, Weyl al-
gebra, lattice vertex operator algebras, critical level, Z-algebras.
1
2 DRAZˇEN ADAMOVIC´, NAIHUAN JING, AND KAILASH C. MISRA
A
(1)
1 –modules at the non-critical level are given in [10] and [11]. In these papers the
authors study Wakimoto modules, and their relations with the deformed Virasoro
algebra and Z-algebras.
In this paper, we use the vertex algebraic approach [2] to construct a family of
irreducible A
(1)
1 –modules at the critical level in the principal picture. Let V−2(sl2)
be the universal affine vertex algebra of level −2 associated to ŝl2. It was proved [2]
that V−2(sl2) can be embedded into the vertex superalgebra V⊗F−1, where V is the
vertex superalgebra associated to the infinite–dimensional Lie superalgebra A and
F−1 is a lattice vertex superalgebra. For every irreducible, restricted A–module U
a family of irreducible A
(1)
1 –modules Ls(U) were constructed in [2].
Let Θ be the automorphism of V−2(sl2) lifted from the sl2–automorphism {e 7→
f, f 7→ e, h 7→ −h}. We introduce the infinite–dimensional Lie superalgebra Atw
with basis
S(n), T (n+ 1/2), G(r), C, n ∈ Z, r ∈ 12Z
and anti-commutation relations:
{G(r),G(s)} = (−1)2r+1(2δZr+sS(r+ s)− δ
1
2+Z
r+s (r− s)Tr+s + C3 δZr+s(r2 − 14 ) δr+s,0),
S(n), T (n+ 1/2), C in the center,
where δXm = 1 if m ∈ X , δXm = 0 otherwise. Then we show that the category of
twisted V–modules is analogous to the category of restricted Atw–modules with
central charge C = −3. One of our main results is the following.
Theorem 1.1. Assume that U tw is an irreducible, restricted Atw–module, and
FT−1 a twisted F−1–module. Then U
tw ⊗ FT−1 has the structure of an irreducible
ŝl2[Θ]–module at the critical level.
The proof of this result will be presented in Section 6 (cf. Theorem 6.1).
As in [2] and [3] we prove the irreducibility of a larger family of Θ–twisted
V−2(sl2)–modules. For every χ ∈ C(z
1
2 ) the twisted F−1-modules FTi(χ), (i =
1, 2) have the structure of restricted Atw–module which is uniquely determined by
certain twisted field. In Section 4 we construct a family of irreducible modules for
Atw. In fact we prove the following classification result.
Theorem 1.2. Assume that p ∈ 12Z≥0 and that
χ(z) =
∞∑
k=−2p
χ−k2
z
k
2−1.
Then FTi(χ) is irreducible Atw–module if and only if one of the following conditions
hold:
p > 0 and χp 6= 0,(1.1)
p = 0 and χ0 ∈ (C \ 12Z) ∪ {
1
2
},(1.2)
p = 0 and χ0 − 1
2
= ℓ ∈ 12Z≥0 and det(A(χ)) 6= 0(1.3)
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where
A(χ) =

2S(−1) 2S(−2) · · · 2S(−2ℓ)
ℓ2 − (ℓ− 1)2 2S(−1) 2S(−2) · · · 2S(−2ℓ− 1)
0 ℓ2 − (ℓ − 2)2 2S(−1) · · · 2S(−2ℓ− 2)
...
. . .
. . .
. . .
...
0 · · · 0 ℓ2 − (ℓ− 2ℓ+ 1)2 2S(−1)

and
S(z) =
1
2
(χ(1)(z))2 + ∂zχ
(1)(z)) =
∑
n∈Z
S(n)z−n−2
(here χ(1) is the integral part of χ).
The proof of this theorem will be presented in Sections 4 and 5.
As in [3], we prove that the condition (1.3) can be replaced by the condition
S2ℓ(−2χ(1)−1,−2χ(1)−2, · · · ) 6= 0,
where S2ℓ is a Schur polynomial.
As an application, all highest weight irreducible ŝl2-modules at the critical level
are constructed in the principal gradation. These modules are realized on the vector
space
M 1
2+Z
(1)⊗2
where M 1
2+Z
(1) is a polynomial ring C[α(−1/2), α(−3/2), ...]. It is worthwhile to
mention that this result is in agreement with the Kac-Kazhdan character formula
for highest weight modules at the critical level (cf. [22], [14], [29]).
In fact, for t ∈ {−1} ∪ C \ Z, the Kac-Kazhdan character formula for the irre-
ducible ŝl2–module L(µ), µ = −(2 + t)Λ0 + tΛ1 says that
chL(µ) = e
µ
∞∏
n=1
(1− eα−nδ)−1(1− e−α−(n−1)δ)−1.
By taking q = e−δ and q1/2 = e−α we get
chL(µ) = e
µ
∞∏
n=1
(1− qn−1/2)−2,
which also indicates that L(µ) admits certain realization on M 1
2+Z
(1)⊗2.
We compare our realization with the construction presented in [9]. We prove
that at the critical level the vacuum space Ω(V−2(sl2)) of the universal affine vertex
algebra V−2(sl2) is isomorphic to a quotient V˜ of the vertex algebra V . Moreover, the
vacuum space of the simple affine vertex algebra L−2(sl2) is a simple quotient F of V
introduced in [2]. In particular, our result shows that the irreducible A
(1)
1 –modules
at the principal gradation have the form of a tensor product U tw⊗M 1
2+Z
(1) where
U tw is an irreducible twisted module for Ω(V−2(sl2)) andM 1
2+Z
(1) is an irreducible
twisted module for the Heisenberg vertex algebra MZ(1).
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Our approach can be used for describing bases of modules at the critical level.
For µ = (−2−t)Λ0+tΛ1 we also use L(µ) to denote the Θ–twisted V−2(sl2)–module
with vertex operator map Y tw. Define
G(z) = E−tw(−
h
2
, z)Y tw(e(−1)1, z)E+tw(−
h
2
, z) =
∑
n∈ 12Z
G(n)z−n−1.
We prove the following result which gives the basis for L(µ) in the principal picture.
Theorem 1.3. Assume that µ = (−2− t)Λ0 + tΛ1.
(1) If t ∈ {−1} ∪ (C \ Z), then the set of vectors
G(−n1)G(−n2) · · ·G(−nr)h(−m1) · · ·h(−ms)vµ
such that r, s ≥ 0, ni,mj ∈ 12Z≥0 and
n1 > n2 > · · · > nr > 0, m1 ≥ m2 ≥ · · · ≥ ms > 0
is a basis of L(µ) in the principal picture.
(2) If t ∈ Z≥0, then the set of vectors
G(−n1)G(−n2) · · ·G(−nr)h(−m1) · · ·h(−ms)vµ
such that r, s ≥ 0, ni,mj ∈ 12Z≥0, ni 6= t2 + 12 , and
n1 > n2 > · · · > nr > 0, m1 ≥ m2 ≥ · · · ≥ ms > 0
is a basis of L(µ) in the principal picture.
Similar basis can be constructed for all irreducible modules in Theorem 1.2.
2. Certain vertex algebras and their twisted modules
In this section we review some results on lattice, fermionic and bosonic vertex
algebras and their twisted modules (cf. [18], [17], [21], [28]).
2.1. Clifford vertex superalgebras and their twisted modules. The Clifford
algebra CL is a complex associative algebra generated by
Ψ±(r), r ∈ 12 + Z,
subject to the relations
{Ψ±(r),Ψ∓(s)} = δr+s,0, {Ψ±(r),Ψ±(s)} = 0,
where r, s ∈ 12 + Z. The Clifford algebra CLtw is a complex associative algebra
generated by
Φ(r), r ∈ 12Z,
under the relations
{Φ(r),Φ(s)} = −(−1)2rδr+s,0;
where r, s ∈ 12Z.
Let F be the irreducible CL–module generated by the cyclic vector 1 such that
Ψ±(r)1 = 0 for r > 0.
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A basis of F is given by
Ψ+(−n1 − 12 ) · · ·Ψ+(−nr − 12 )Ψ−(−k1 − 12 ) · · ·Ψ−(−ks − 12 )1
where ni, ki ∈ Z≥0, n1 > n2 > · · · > nr, k1 > k2 > · · · > ks.
Define the following fields on F
Ψ+(z) =
∑
n∈Z
Ψ+(n+ 12 )z
−n−1, Ψ−(z) =
∑
n∈Z
Ψ−(n+ 12 )z
−n−1.
The fields Ψ+(z) and Ψ−(z) give arise to the unique simple vertex superalgebra
structure on F [21, 15]. As a vertex operator superalgebra, F has the involution
ΘF induced from the automorphism of the Clifford algebra CL:
ΘΨ±(n+ 12 ) = Ψ
∓(n+ 12 ).
Let φ(i) be the following ±1-eigenvectors of ΘF :
φ(1) =
1√
2
(Ψ+(−1/2) + Ψ−(−1/2))1, φ(2) = 1√
2
(Ψ+(−1/2)−Ψ−(−1/2))1.
Let FTi (i = 1, 2) be the irreducible CLtw-module spanned by (as a vector space)
[4, 30] ∧
(Φ(r) | r < 0)
with the module structure given by
Φ(1)(z) = YFTi (φ
(1), z) =
∑
n∈Z
Φ(n+ 1/2)z−n−1,
Φ(2)(z) = YFTi (φ
(2), z) =
∑
n∈12+Z
Φ(n+ 1/2)z−n−1
such that Φ(z) = Φ(1)(z) + Φ(2)(z) and Φ(0) ≡ (−1)i 1√−2 Id. Then FT1 , FT2 are
the only non-isomorphic irreducible ΘF–twisted modules of F .
2.2. Commutative vertex algebraM(0) and its twisted modules. LetM(0) =
C[γ+(n), γ−(n) | n < 0] be the commutative vertex algebra generated by the fields
γ±(z) =
∑
n<0
γ±(n)z−n−1.
Let χ±(z) =
∑
n∈Z χ
±
n z
−n−1 ∈ C((z)), and let M(0, χ+, χ−) be the 1–dimensional
irreducible M(0)–module such that every element γ±(n) acts on M(0, χ+, χ−) as
multiplication by χ±n ∈ C.
The vertex algebra M(0) has an automorphism ΘM(0) of order two given by
ΘM(0)(γ
±(n)) = γ∓(n).
Let
γ(1) =
γ+ + γ−
2
, γ(2) =
γ+ − γ−
2
.
ΘM(0)–twisted M(0)–modules are restricted modules for the commutative Lie al-
gebra spanned by
γ(n), n ∈ 12Z.
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For every χ(z) ∈ C((z1/2)), let M tw(0, χ) be 1–dimensional, irreducible, ΘM(0)–
twisted M(0)–module with the property that γ(n) acts as multiplication by χ(n).
We have
YMtw(0,χ)(γ
(1)(−1)1, z) = χ(1)(z), YMtw(0,χ)(γ(2)(−1)1, z) = χ(2)(z),
where
χ(z) = χ(1)(z) + χ(2)(z),
χ(1)(z) =
∑
n∈Z
χ(n+ 1/2)z−n−1, χ(2)(z) =
∑
n∈ 12+Z
χ(n+ 1/2)z−n−1.
2.3. The vertex superalgebra F−1 and its twisted modules. Let F−1 be the
lattice vertex superalgebra associated to the lattice L = Zβ with the inner product
〈β, β〉 = −1. Let h = C⊗Z L, the Heisenberg and twisted Heisenberg algebras
hˆZ = h⊗ C[t, t−1]⊕ CC, hˆ1
2+Z
= h⊗ t1/2C[t, t−1]⊕ CC
are defined as usual with the bracket: for α, γ ∈ h
(2.4) [α(m), γ(n)] = mδm,−n〈α, γ〉C, m, n ∈ Z or Z+ 1/2.
Let MZ(1) = S(h ⊗ t−1C[t−1]) and M 1
2+Z
(1) = S(h ⊗ t−1/2C[t−1]) be the level
one irreducible modules for hˆZ and hˆ1
2+Z
respectively.
The vertex superalgebra F−1 can be realized as MZ(1)⊗C[L], where C[L] is the
group algebra with basis {eα, α ∈ L}. There is a linear map
Y : F−1 → End(F−1)[[z, z−1]], v 7→ Y (v, z) =
∑
n∈Z
vnz
−n−1
such that (F−1, Y,1) is a vertex superalgebra. For α ∈ L we have
Y (eα, z) = E−(−α, z)E+(−α, z)eαzα(0)
where
E±(−α, z) = exp
( ∞∑
k=1
α(±k)
∓k z
∓k
)
.
As a vertex algebra, F−1 is generated by eβ and e−β. We have the following
Z–gradation:
F−1 =
⊕
i∈Z
F
(i)
−1 , F
(i)
−1 =MZ(1).e
iβ .
The vertex algebra F−1 has an automorphism ΘF−1 lifted from the automorphism
β 7→ −β of the lattice L. Then
ΘF−1(e
±β) = e∓β ,ΘF−1(β(−1)) = −(β(−1)).
There are two non-isomorphic irreducible ΘF−1-twisted F−1-modules F
Ti
−1, i = 1, 2
which are realized on the irreducible hˆ1
2+Z
–module M 1
2+Z
(1) (for details see [18]).
The module structure is defined by twisted vertex operators:
Ytw : F−1 → End(FTi−1)[[z1/2, z−1/2]], v 7→ Ytw(v, z) =
∑
n∈ 12Z
vnz
−n−1.
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Here, for α ∈ L we have
Ytw(e
α, z) = −(2√−1)−〈α,α〉E−tw(−α, z)E+tw(−α, z)(−1)i(2.5)
where
E±tw(−α, z) = exp
 ∑
k∈Z≥0+12
α(±k)
∓k z
∓k
 .(2.6)
Remark 2.1. By the boson–fermion correspondence, the fermionic vertex algebra
F can be realized as a lattice vertex algebra VZ and the twisted modules F
Ti can be
also realized on the irreducible hˆ1
2+Z
–module M 1
2+Z
(1).
3. The vertex superalgebra V and its twisted modules
Recall first the construction of the vertex superalgebra V from [2]. Let F be
the vertex superalgebra generated by the fields Ψ±(z) and γ±(z). Therefore F =
F ⊗M(0). As in [2], denote by V the vertex subalgebra of the vertex superalgebra
F generated by the following vectors
τ± = (Ψ±(− 32 ) + γ±(−1)Ψ±(− 12 ))1,(3.7)
j =
γ+(−1)− γ−(−1)
2
1,(3.8)
ν =
2γ+(−1)γ−(−1) + γ+(−2) + γ−(−2)
4
1.(3.9)
The vertex superalgebra structure on V is given by the following fields
G±(z) = Y (τ±, z) =
∑
n∈Z
G±(n+ 12 )z
−n−2,(3.10)
S(z) = Y (ν, z) =
∑
n∈Z
S(n)z−n−2,(3.11)
T (z) = Y (j, z) =
∑
n∈Z
T (n)z−n−1.(3.12)
It turns out that the components of the field operators generate a Lie superalge-
bra. By abusing notation, letA be the Lie superalgebra with basis S(n), T (n), G±(r), C,
n ∈ Z, r ∈ 12 + Z with the (anti)commutation relations given by
[S(m), S(n)] = [S(m), T (n)] = [S(m), G±(r)] = 0,
[T (m), T (n)] = [T (m), G±(r)] = 0,
[C, S(m)] = [C, T (n)] = [C,G±(r)] = 0,
{G+(r), G−(s)} = 2S(r + s) + (r − s)T (r + s) + C3 (r2 − 14 )δr+s,0,
{G+(r), G+(s)} = {G−(r), G−(s)} = 0
for all n ∈ Z, r, s ∈ 12 + Z.
Using the commutator formulae for vertex superalgebras, we have that the com-
ponents of fields (3.10)-(3.12) satisfy the (anti)commutation relation for the Lie
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superalgebra A with the central element C acting as multiplication by C = −3.
Recall from [2] that V admits a natural Z–gradation:
V =
⊕
i∈Z
V(i).(3.13)
Let MT (0) be the vertex subalgebra of V generated by the field T (z) and let
I˜ = U(A).MT (0) be the ideal in V generated by MT (0). Set
V˜ = V/I˜.
As in [2], let Vcom be the subalgebra of V generated by T (z) and S(z) and let
Icom = U(A) be the ideal in V generated by Vcom. Let F = V/Icom. Then F is a
simple vertex superalgebra, which can be realized as a subalgebra of Clifford vertex
superalgebra F generated by ∂zΨ
+(z) and ∂zΨ
−(z).
Since ideals I˜ and Icom are Z–graded, the gradation (3.13) induces the Z–
gradation on V˜ and F :
V˜ =
⊕
i∈Z
V˜(i), F =
⊕
i∈Z
F
(i)
.
We have the generators of V˜
τ˜± := τ± + I˜ , ν˜ = j + ν˜.(3.14)
Let
Θ1 = ΘF ⊗ΘM(0).
It is clear that Θ1 is an automorphism of F which is V–invariant. Let
ΘV = Θ1| V .
Clearly,
ΘV(τ±) = τ∓, ΘV(j) = −j, ΘV(ν) = ν.
Therefore ΘV is an automorphism of order two of V . Since the ideal I˜ is ΘV–
invariant, it induces the automorphism of V˜ which we shall denote by ΘV˜ .
Let
τ (1) =
1√
2
(τ+ + τ−), τ (2) =
1√
2
(τ+ − τ−).
Recall the infinite dimensional Lie suparalgebra Atw with basis
S(n), T (n+ 1/2), G(r), C, n ∈ Z, r ∈ 12Z
and anti-commutation relations:
{G(r),G(s)} = (−1)2r+1(2δZr+sS(r+ s)− δ
1
2+Z
r+s (r− s)Tr+s + C3 δZr+s(r2 − 14 ) δr+s,0),
S(n), T (n+ 1/2), C in the center,
with δSm = 1 if m ∈ S, δSm = 0 otherwise.
Remark 3.1. Lie superalgebra Atw is similar to the twisted N = 2 superconformal
Lie superalgebra. The only difference is that Atw contains a large center.
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Assume that (M tw, Y tw) is any ΘV–twisted V–module. Define
G(1)(z) = Y tw(τ (1), z) =
∑
n∈Z
G(n+
1
2
)z−n−2,
G(2)(z) = Y tw(τ (2), z) =
∑
n∈ 12+Z
G(n+
1
2
)z−n−2,
G(z) = G(1)(z) +G(2)(z) =
√
2Y tw(τ+, z),
S(z) = Y tw(ν, z) =
∑
n∈Z
S(n)z−n−2,
T (z) = Y tw(j, z) =
∑
n∈12+Z
T (n)z−n−1.
By using commutator formulas for twisted modules one proves that the com-
ponents of the fields G(z), S(z), T (z) satisfy the commutation relations for the Lie
superalgebra Atw (see also [6], [18], [26], [21]). So we have:
Theorem 3.1. The category of ΘV–twisted V–modules coincides with the cate-
gory of restricted modules for Lie superalgebra Atw. A ΘV–twisted module U tw is
irreducible if and only if it is irreducible as an Atw–module.
Now we shall consider a family of twisted V–modules. For χ ∈ C((z1/2)) we set
FTi(χ) := FTi ⊗M tw(0, χ). Then FTi(χ) is a ΘV–twisted module for the vertex
superalgebra V . SinceM tw(0, χ) is one-dimensional, we have that as a vector space
FTi(χ) ∼= FTi ∼=
∧(
Φ(−n) | n ∈ 12Z, n > 0
)
.(3.15)
We have:
τ (1) =
(
φ(1)(−3/2) + φ(1)(−1/2)γ(1)(−1) + φ(2)(−1/2)γ(2)(−1)
)
1,
τ (2) =
(
φ(2)(−3/2) + φ(1)(−1/2)γ(2)(−1) + φ(2)(−1/2)γ(1)(−1)
)
1.
Then the field
G(z) = ∂zΦ(z) + χ(z)Φ(z)(3.16)
uniquely defines the (twisted) module structure on FTi(χ).
Remark 3.2. Note that if χ(2)(z) = 0, then FTi(χ) is a ΘV˜–twisted V˜–module.
4. Construction of irreducible Atw–modules
In this section we shall describe some irreducible Atw–modules. Construction of
irreducible A–modules was given in [2] and [3]. Our results will provide a twisted
generalization of these modules. We start with the following simple, but important
example.
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Example 4.1. Assume that χ(z) = λz . Then the action of Atw is given by
G(n+ 1/2) = (λ− n− 1)Φ(n+ 1/2) (n ∈ 12Z).
(1) If λ ∈ (C \ 12Z)∪{ 12}, using the fact that FTi is irreducible as CLtw–module, we
get that FTi(λz ) is an irreducible Atw–module and therefore irreducible ΘV–twisted
V–module.
(2) If λ ∈ 12Z, λ < 12 , one easily sees that FTi(λ/z) has a proper irreducible sub-
module:
F
Ti
(λ/z) = Ker
F
TiΦ(1/2− λ) ∼=
∧(
Φ(n) | n ∈ 12Z, n < 0, n 6= λ− 1/2
)
.
(3) If λ ∈ 12Z, λ > 12 , then FTi(λ/z) has the irreducible submodule
U(Atw).Φ(−λ+ 1
2
)1.
The following proposition is a twisted version of Proposition 5.1 in [2].
Proposition 4.1. Assume that p ∈ 12Z≥0 and that
χ(z) =
∞∑
k=−2p
χ−k2
z
k
2−1
satisfies the following conditions
χp 6= 0,
χ0 ∈ (C \ 12Z) ∪ {
1
2
} if p = 0.
Then FTi(χ) is an irreducible Atw–module with basis:
G(p− n1) · · ·G(p− nr)1, r ≥ 0, ni ∈ 12Z, n1 > · · · > nr > 0.
Proof. We shall prove this proposition in the case p = 0. The case p > 0 uses
similar arguments and it is analogous to the aforementioned result in [2]. Then the
action of Atw is given by
G(n+ 1/2) = (χ0 − n− 1)Φ(n+ 1/2) +
∞∑
k=1
χ−k2
Φ(n+ 1/2 + k2 ).
First we shall prove that the vacuum vector is a cyclic vector under the U(Atw)–
action, i.e.,
U(Atw).1 = FTi .(4.17)
Take an arbitrary basis element of FTi :
v = Φ(−n1) · · ·Φ(−nr)1 ∈ FTi ,(4.18)
where ni ∈ 12Z≥0, n1 > n2 > · · · > nr ≥ 12 .
By using action of Atw we get:
G(−n1)G(−n2) · · ·G(−nr)1 = CΦ(−n1)Φ(−n2) · · ·Φ(−nr) + · · · (C 6= 0),
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where ”· · · ” denotes the sum of monomials of the form
Φ(−j1) · · ·Φ(−jl)
such that
j1 + · · ·+ jl < n1 + · · ·+ nr.
Using induction on degree of monomials we get that v ∈ U(Atw).1.
For the proof of irreducibility it is enough to see that arbitrary basis element v
from (4.18) is cyclic in FTi . This follows from (4.17) and the fact that
G(n1) · · ·G(nr)v = ν1 (ν 6= 0),
which completes the proof. 
The case p = 0 and χ0 ∈ 12Z\{ 12} is very interesting and as in [3] it will be
related to certain polynomials.
Proposition 4.2. Assume that χ0 ∈ 12Z, χ0 ≤ 0. Then FTi(χ) is reducible.
Proof. By using similar arguments to that of Proposition 4.3 in [3] we see that
Φ(χ0 − 1/2).1 /∈ U(Atw) · 1,
which proves the proposition. 
It remains to consider the case χ0 = ℓ+
1
2 for certain ℓ ∈ 12Z≥0. In this case we
have the action of Atw given by:
G(n+ 1/2) = (ℓ − n− 12 )Φ(n+ 1/2) +
∞∑
k=1
χ−k2
Φ(n+ 1/2 + k2 ).(4.19)
The following result shows that when FTi(χ) is reducible, its maximal submodule
is irreducible.
Proposition 4.3. Assume that 0 6= U $ FTi(χ) is any propoer submodule of
FTi(χ). Then there exist uniquely determined a−k/2 ∈ C, k = 1, . . . , 2ℓ such that
Pℓ = (Φ(−ℓ) +
2ℓ−1∑
k=1
a−k/2Φ(−ℓ+ k/2) + a−ℓ)1 ∈ U.
Moreover, UTi(χ) = U(Atw).Pℓ is irreducible and the quotient FTi(χ)/UTi(χ) is
irreducible.
Proof. As in the proof of Proposition 4.1 we see that
FTi(χ) = U(Atw).1,
which implies that 1 is a cyclic vector. Using this and the action of operators G(n)
one sees that there is a vector Pℓ ∈ U of the form
Pℓ = (Φ(−ℓ) +
2ℓ−1∑
k=1
a−k/2Φ(−ℓ+ k/2) + a−ℓ)1.
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Since U is a proper submodule we have
G(r)Pℓ = 0 (r > 0), (G(0) + ℓεi)Pℓ = 0.
This leads to the following system of linear equations:
(ℓ − r)a−ℓ+r + χ−1/2a−ℓ+r+1/2 + · · ·+ χ−ℓ+r+12 a−1/2 = −χ−ℓ+r (0 < r < ℓ),
2ℓεia−ℓ + χ−1/2a−ℓ+1/2 + · · ·+ χ−ℓ+1/2a−1/2 = −χ−ℓ.(4.20)
This linear system (4.20) has a unique solution. Irreducibility follows from the fact
that the vector Pℓ is unique. 
The proof of the following lemma is easy.
Lemma 4.1. There exist unique b−k/2 ∈ C, k = 1, . . . , 4ℓ− 1 such that
Pℓ := (G(−ℓ) + b−1/2G(−ℓ + 1/2) + · · ·+ b−ℓG(0) + · · · b−2ℓ+1/2G(ℓ − 1/2)).
{G(r),Pℓ} = 0, for r = −ℓ, . . . , ℓ− 1/2.
Moreover,
Pℓ =
1
2ℓ
Pℓ1
and
P2ℓ .1 = S˜2ℓ(χ−1/2, · · · , χ−2ℓ)1
for certain nonzero polynomial S˜2ℓ ∈ C[x1, . . . , x4ℓ].
Theorem 4.1. The following conditions are equivalent:
(1) FTi(χ) is irreducible;
(2) P2ℓ .1 6= 0;
(3) The following determinant is nontrivial:
det
({G(r), G(s)}r,s=−ℓ,...,ℓ−1/2) 6= 0.(4.21)
Proof. Assume that (2) holds. If FTi(χ) is reducible, then UTi(χ) is a proper
submodule. But,
Pℓ · Pℓ · 1 = S˜2ℓ(χ−1/2, · · · , χ−ℓ)1 6= 0
implies that 1 ∈ UTi(χ). This is a contradiction. So FTi(χ) is irreducible.
Assume now that P2ℓ .1 = 0. This implies that G(−ℓ)Pℓ is a nontrivial linear
combination of
G(−i)Pℓ, 0 ≤ i ≤ ℓ− 1
2
.
This gives that every vector in U(Atw) · Pℓ is a linear combination of vectors
G(−n1) · · ·G(−nr)Pℓ, n1 > · · ·nr ≥ 0, nj 6= ℓ.(4.22)
But every vector in (4.22) has non-trivial summand of lowest degree
Φ(−n1) · · ·Φ(−nr)Φ(−ℓ)1.(4.23)
This implies that 1 /∈ U(Atw) · Pℓ. This proves (1) ⇐⇒ (2).
ON PRINCIPAL REALIZATION OF A
(1)
1 –MODULES AT THE CRITICAL LEVEL 13
Now we shall prove (2) ⇐⇒ (3). By construction we have that {G(r),Pℓ} = 0
for r ≥ −ℓ+ 1/2. Moreover, we have
{G(−ℓ),Pℓ} = 0 ⇐⇒ P2ℓ = 0.
This implies that P2ℓ = 0 if and only if (1, b−1/2, · · · , b−2ℓ+1/2) is the nontrivial
solution of the system of linear equations
{G(r), x0G(−ℓ) + · · ·+ x−2ℓ+1/2G(ℓ− 1/2)} = 0, r = −ℓ, . . . , 2ℓ− 1/2.
The matrix of this linear system is
A2ℓ = ({G(r), G(s)})r,s=−ℓ,...,ℓ−1/2 .
Therefore, P2ℓ = 0 if and only if detA2ℓ = 0, and this completes the proof. 
Example 4.2. Let ℓ = 1/2. Then:
Pℓ = G(−1/2) + χ−1/2G(0), Pℓ = (Φ(−1/2) + 2χ−1/2Φ(0))1;
P 2ℓ = χ−11.
This implies that FTi(χ) is irreducible if and only if χ−1 6= 0.
Let ℓ = 1. Then
Pℓ = G(−1) + 2χ−1/2G(−1/2) + (2χ2−1/2 − 3χ−1)G(0),
Pℓ.1 = (2Φ(−1) + 4χ−1/2Φ(−1/2) + (4χ2−1/2 − 2χ−1)Φ(0)).1,
P2ℓ = 8χ2−1 − 4χ−2.
This implies that FTi(χ) is irreducible if and only if 2χ2−1 − χ−2 6= 0.
Let ℓ = 3/2. By direct calculation we see that
P2ℓ = ν(2χ3−1 − 3χ−1χ−2 + χ−3) (ν 6= 0).
Our calculation suggests that
P2ℓ = νS2ℓ(−2χ(1)) = νS2ℓ(−2χ(1)−1,−2χ(1)−2, · · · ).
In the following section we shall give a proof of this formula.
5. From V–modules to V˜–modules and back
The commutative vertex algebra M(0) generated by fields γ±(z) can be embed-
ded into the commutative lattice vertex algebra VL = M(0) ⊗ C[L] associated to
the lattice
L = Zγ+ + Zγ−, 〈γ±, γ±〉 = 0, 〈γ±, γ∓〉 = 0.
Therefore the vertex superalgebra V can be embedded into the vertex superalgebra
F ⊗ VL.
Let V [Zj] be the vertex subalgebra of F ⊗ VL generated by the generators
τ±, j =
γ+ − γ−
2
, ν
of V and by lattice elements ej , e−j. Clearly, as a vector space
V [Zj] = V ⊗ C[Zj].
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Recall that the vertex superalgebra V˜ is generated by τ˜±, ν˜.
Proposition 5.1. There exist nontrivial homomorphisms of vertex superalgebras
Φ1 : V˜ → V [Zj](5.24)
τ˜± 7→ τ±−1e±j
ν˜ 7→ ν + 1
2
j(−1)21,
Φ2 : V → V˜ ⊗ VZj(5.25)
τ± 7→ τ˜± ⊗ e∓j
j 7→ 1⊗ j
ν 7→ ν˜ − 1
2
j(−1)21.
Proof. By using explicit calculation in lattice vertex algebras we get the following
relations:
(τ+−1e
j)2(τ
−
−1e
−j) = (−2)1, (τ+−1ej)1(τ−−1e−j) = 0, (τ+−1ej)1(τ−−1e−j) = 2(ν+1/2j(−1)2).
This proves that Φ1 is a vertex algebra homomorphism. The proof for the auto-
morphism Φ2 is similar. 
Assume that U is a V–module such that
YU (j, z) = χ
(2)(z) =
χ
(2)
0
z
+
∞∑
n=1
χ
(2)
−nz
n−1, χ(2)0 ∈ Z.(5.26)
Then U [Zj] = U ⊗ C[Zj] has the structure of a V [Zj]–module by letting
YU [Zj](e
±j , z) = z±χ
(2)
0 E−(∓χ(2), z)e±j
where
E−(−χ(2), z) = exp
( ∞∑
k=1
χ
(2)
−k
k
zk
)
.
Then by using homomorphism Φ1 we can treat U [Zj] as a V˜–module. Assume
now that U admits a Z–gradation which is compatible with the Z–gradation of V :
U =
⊕
s∈Z
U (s), V(i).U (s) ⊂ U (s+i) (s, i ∈ Z).
We have its submodule:
Φ1(U) =
⊕
s∈Z
U (s) ⊗ esj .
The proof of the following result uses Proposition 5.1 and it is analogous to the
proof of Theorem 6.2 from [2].
Proposition 5.2. Assume that U is a V–module which satisfies the above condi-
tions. Then U is an irreducible V–module if and only if Φ1(U) is an irreducible
V˜–module.
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Assume now that U tw is a twisted V–module such that
YUtw (j, z) = χ
(2)(z) =
∞∑
n=0
χ
(2)
1/2−nz
n−3/2.(5.27)
This module has the structure of a twisted V [Zj]–module by letting
YUtw (e
±j , z) = E−tw(∓χ(2), z)
where
E−tw(−χ(2), z) = exp
 ∞∑
k=1
χ
(2)
1/2−k
k − 1/2z
k−1/2
 .
Then by using homomorphism Φ1 we can treat U
tw as a twisted V˜–module,
which we shall denote by Φ1(U
tw).
Let W tw be a twisted V˜–module and let χ(2)(z) = ∑∞n=0 χ(2)1/2−nzn−3/2 and
VZj(χ
(2)) the associated 1–dimensional twisted VZj–module. Using homomorphism
Φ2 we can consider W
tw ⊗ VZj(χ(2)) as a twisted V–module. We shall denote this
module by Φ2(W (χ
(2))). Now we have the following result.
Proposition 5.3. For every twisted V–module U tw such that the condition (5.27)
holds we have that
Φ2(Φ1(U
tw)(χ(2))) ∼= U tw.
In particular, U tw is irreducible if and only if Φ1(U
tw) is irreducible.
Proof. First we notice that Φ1(U
tw) = U tw as a vector space and the twisted V˜
–module action is uniquely defined by the fields
YΦ1(Utw)(τ˜
±) = YUtw (τ±, z)E
−
tw(∓χ(2), z).
Let M = Φ2(Φ1(U
tw)(χ(2))). Then as a vector space M = U tw and the twisted
V–module action is uniquely defined by the fields
YM (τ
±, z) = YUtw (τ±, z)E−tw(∓χ(2), z)E−tw(±χ(2), z) = YUtw (τ±, z).
The proof follows. 
If we apply Proposition 5.3 on the twisted V– module FTi(χ), we shall get the
module Φ1(F
Ti(χ)) with central character
S(z) = Y tw(ν, z) =
1
2
(χ1(z)2 + ∂zχ
(1)(z)) =
∑
n∈Z
S(n)z−n−2.
So the anti–commutators
A(r, s) := {G(r), G(s)} = (−1)2r+1(2δZr+sS(r + s)− δZr+s(r2 − 14 ) δr+s,0)
do not depend on χ(2). By using the same arguments as in Theorem 4.1 we get
Φ1(F
Ti(χ)) is irreducible ⇐⇒ det ({A(r, s)}r,s=−ℓ,...,ℓ−1/2) 6= 0.(5.28)
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By using elementary properties of determinants, one can easily see that
det
({A(r, s)}r,s=−ℓ,...,ℓ−1/2) = µ det(A(χ))
where µ 6= 0 and
A(χ) =

2S(−1) 2S(−2) · · · 2S(−2ℓ)
ℓ2 − (ℓ− 1)2 2S(−1) 2S(−2) · · · 2S(−2ℓ− 1)
0 ℓ2 − (ℓ − 2)2 2S(−1) · · · 2S(−2ℓ− 2)
...
. . .
. . .
. . .
...
0 · · · 0 ℓ2 − (ℓ− 2ℓ+ 1)2 2S(−1)
 .
Hence we have:
Corollary 5.1. FTi(χ) is irreducible if and only if det(A(χ)) 6= 0. In particular,
the irreducibility of FTi(χ) depends only on χ(1).
The irreducibility result for untwisted V–modules was proved in [3]. But we can
also use Proposition 5.1 to relate irreducible V–modules and irreducible V˜–modules.
In the next lemma we shall use this construction to get more precise irreducibility
result.
Lemma 5.1. Let
S(z) =
1
2
(χ(1)(z)2 + ∂zχ
(1)(z)) =
∑
n∈Z
S(n)z−n−2.
Then
det(A(χ)) 6= 0 ⇐⇒ S2ℓ(−2χ−1,−2χ−2, . . . ) 6= 0.
Proof. We shall prove the assertion in the case ℓ ∈ 12 +Z. The case ℓ ∈ Z is similar
(see Remark 5.1 below).
Consider now the V–module F˜2χ(1) from [3]. By [3, Theorem 4.1] we have that
F˜2χ(1) is irreducible ⇐⇒ S2ℓ(−2χ−1,−2χ−2, . . . ) 6= 0.
If we apply Proposition 5.2 for U = F˜2χ(1) we shall get the V˜–module Φ1(F˜2χ(1) )
with central character
S(z) = Y (ν, z) =
1
2
(χ1(z)2 + ∂zχ
(1)(z)) =
∑
n∈Z
S(n)z−n−2.
So the anti–commutators are
A(r, s) := {G+(r), G−(s)} = 2S(r + s)− (r2 − 14 ) δr+s,0 (r, s ∈ 12 + Z).
By repeating the same arguments as in the proof of Theorem 4.1 , we get that
Φ1(F˜2χ(1)) is irreducible ⇐⇒ det ({A(r, s)}r,s=−ℓ,...,ℓ−1) 6= 0.
Since the last determinant is equal to ν det(A(χ)) for certain ν 6= 0, the proof
follows. 
Remark 5.1. When ℓ ∈ Z, then Φ1(F˜2χ(1) ) is a Ramond–twisted module for V˜.
All arguments are the same as in the Neveu-Schwarz case above.
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The next theorem follows from Lemma 5.1 and Corollary 5.1.
Theorem 5.1. FTi(χ) is irreducible if and only if S2ℓ(−2χ(1)−1,−2χ(1)−2, · · · ) 6= 0,
where S2ℓ is a Schur polynomial.
6. Twisted V−2(sl2)–modules
Let Vk(sl2) be the universal affine vertex algebra of level k associated to ŝl2. Let
e, f, h be the standard basis of sl2. For x ∈ sl2 we identify x with x(−1)1. Let Θ
be the automorphism of Vk(sl2) such that
Θ(e) = f, Θ(f) = e, Θ(h) = −h.
Let ŝl2[Θ] be the affine Lie algebra ŝl2 in the principal gradation (cf. [18]). Recall
that ŝl2[Θ] has basis:
{K, h(m), x+(n), x−(p) |m, p ∈ 12 + Z, n ∈ Z}
with commutation relations:
[h(m), h(n)] = 2mδm+n,0K
[h(m), x+(r)] = 2x−(m+ r)
[h(m), x−(n)] = 2x+(m+ n)
[x+(r), x+(s)] = 2rδr+s,0K
[x+(r), x−(m)] = −2h(m+ r)
[x−(m), x−(n)] = −2mδm+n,0K
K in the center
for m,n ∈ 12 + Z, r, s ∈ Z. Define:
X±(z) =
1
2
(
∑
n∈Z
x+(n)z−n−1 ±
∑
n∈12+Z
x−(n)z−n−1),
h(z) =
∑
n∈ 12+Z
h(n)z−n−1.
Recall (cf. [11]) that the irreducible highest weight ŝl2[Θ]–module L(
k
2 (Λ0 +
Λ1)+ j(Λ1−Λ0)) of level k is generated by highest weight vector vj which satisfies
condition
x+(n)vj = x
−(p)vj = h(m)vj = 0 (n,m, p > 0), x+(0)vj = jvj .
The following result is standard (see [18]).
Proposition 6.1. The category of Θ–twisted Vk(sl2)–modules coincides with the
category of restricted modules for ŝl2[Θ] of level k.
Recall that (cf. [2]) the universal affine vertex algebra V−2(sl2) can be realized
as a subalgebra of V ⊗ F−1 with generators
e = τ+ ⊗ eβ, h = −2β(−1) + 2j, f = τ− ⊗ e−β.
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By Section 6 of [2] we have that V ⊗ F−1 is Z–graded:
V ⊗ F−1 = ⊕s∈ZW (s)
where W (0) is a subalgebra of V ⊗ F−1 generated by e, f, h and j = T (−1)1⊗ 1,
and W (s) =W (0).(1⊗ esβ). Moreover,
W (0) ∼= V−2(sl2)⊗MT (0), W (s) ∼= πs(V−2(sl2))⊗MT (0),
where
πs(V−2(sl2)) = V−2(sl2).esβ .
Since MT (0) ⊂ V we get:
Proposition 6.2.
V˜ ⊗ F−1 ∼=
⊕
s∈Z
πs(V−2(sl2)).
In particular,
V−2(sl2) ∼=
⊕
i∈Z
V˜(i) ⊗ F (i)−1 .
Let Θ = ΘV ⊗ΘF−1 . Then
Θ(e) = f, Θ(f) = e, Θ(h) = −h.
Therefore Θ can be considered as an automorphism of the vertex algebra V−2(sl2).
The following result is analogous to the main result of [2].
Theorem 6.1. Assume that U tw is any irreducible ΘV–twisted V–module. Then
for i = 1, 2
U tw ⊗ FTi−1
is an irreducible Θ–twisted V−2(sl2)–module. In particular, U tw ⊗ FTi−1 is an ir-
reducible module for ŝl2[Θ] at the critical level. The action of ŝl2[Θ] is uniquely
determined by the components of the fields:
X+(z) =
1√
2
G(z)⊗ Ytw(e±β, z), h(z) = −2β(z) + 2T (z).
Proof. First we notice that M tw := U tw ⊗ FTi−1 is an irreducible Θ–twisted mod-
ule for the vertex superalgebra V ⊗ F−1. Let YMtw (·, z) be the associated vertex
operator. For u ∈ V ⊗ F−1, let
YM
tw
(u, z) =
∑
n∈ 12Z
utwn z
−n−1.
Using the twisted version of Corollary 4.2 in [8] we get that for each w ∈M tw,
M tw = V ⊗ F−1.w = spanC{utwn w | u ∈ V ⊗ F−1, n ∈ 12Z}.
By using explicit vertex operator formulas (2.5)-(2.6) we get that
YMtw (1⊗ esβ , z)w ∈ W (0).w[[z1/2, z−1/2]].
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This implies that
M tw =W (0).w = spanC{utwn w | u ∈W (0), n ∈ 12Z.}.
Therefore M tw is an irreducible twisted W (0)–module. Since W (0) ∼= V−2(sl2) ⊗
MT (0)–module, where MT (0) is a commutative subalgebra of W (0) generated by
T (n), n ∈ Z we conclude that M tw is an irreducible Θ–twisted V−2(sl2)–module
which completes the proof. 
Theorem 6.2. Assume that χ ∈ C((z1/2)), i, j ∈ {1, 2}. Then
FTi(χ)⊗ FTj−1
is a Θ–twisted V−2(sl2)–module.
In particular, if λ ∈ {1/2} ∪ (C \ 12Z), then FTi(λz ) ⊗ FTj is an irreducible
ŝl2[Θ]–module at the critical level isomorphic to
L((2λ− 2)Λ0 − 2λΛ1) if i = j,
L(−2λΛ0 + (2λ− 2)Λ1) if i 6= j.
Hence
FTi(
1
2z
)⊗ FTj ∼= L(−ρ) = L(−Λ0 − Λ1) ∀i, j.
By using the boson-fermion correspondence we have that FTi can be realized on
M 1
2+Z
(1). Therefore, we get the following result.
Corollary 6.1. For every χ ∈ C((z1/2)) we have the ŝl2[Θ]–module structure on
the vector space
M 1
2+Z
(1)⊗M 1
2+Z
(1).
Assume now that λ ∈ 12Z, λ < 1/2. Then the action of Atw on FTi(λ/z) is
uniquely determined by
G(n+ 1/2) = −(n+ 1− λ)Φ(n+ 1/2), (n ∈ 12Z).
Recall that FTi(λ/z) has an irreducible submodule:
F
Ti
(λ/z) = Ker
F
TiΦ(1/2− λ) ∼=
∧(
Φ(n) | n ∈ 12Z, n < 0, n 6= λ− 1/2
)
.
Theorem 6.3. Assume that λ ∈ 12Z, λ < 1/2. Then
F
Ti
(λ/z)⊗ FTj = L((2λ− 2)Λ0 − 2λΛ1) if i = j,
F
Ti
(λ/z)⊗ FTj = L(−2λΛ0 + (2λ− 2)Λ1) if i 6= j.
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6.1. Example: In the case of untwisted representations, χ = 0 gave the realization
of the vacuum module L(−2Λ0) [2]. Now we shall consider the twisted case when
χ = 0. Let us consider FTi(0) = FTi as a module over Lie superalgebra Atw. Then
the action of the generators of Atw is given by
G(n+ 1/2) = −(n+ 1)Φ(n+ 1/2), (n ∈ 12Z),
and other generators act trivially. So, FTi has a simple Atw–submodule:
F
Ti
= Ker
F
TiΦ(1/2) ∼=
∧(
Φ(n) | n ∈ 12Z, n < 0, n 6= −1/2
)
.
We have:
F
Ti ⊗ FTj = L(−2Λ0) if i = j,
F
Ti ⊗ FTj = L(−2Λ1) if i 6= j.
6.2. Characters for highest weight modules at the critical level. In the
previous section we presented an explicit realization of all irreducible highest weight
ŝl2[Θ]–modules (in the principal picture). Let us now determine its q–characters.
By construction, FTi(λ/z)⊗FTj are realized on the ΘF ⊗ΘF−1–twisted module
FTi ⊗ FTj . Recall that F ⊗ F−1 has the following Virasoro vector (cf. [2]):
ω = ω(f) − 1/2β(−1)2, ω(f) = 1
2
(Ψ+(−3/2)Ψ−(−1/2) + Ψ−(−3/2)Ψ+(−1))1.
Let Ltw(z) = Ytw(ω, z) =
∑
n∈Z L
tw(n)z−n−1. The operators Ltw(n), n ∈ Z define
on FTi ⊗FTj the representation of the Virasoro algebra with central charge 2. One
can see that ŝl2[Θ] action on F
Ti(χ)⊗FTj−1 is compatible with the Ltw(0)–gradation
if and only if χ(z) = λ/z. Then FTi(χ)⊗ FTj−1 becomes a ŝl2[Θ]⊕ Ltw(0)–module.
We have the following q–character:
chFTi (λ/z)⊗FTj (q) = trq
Ltw(0) ∼
∞∏
n=1
(1− qn−1/2)−2,
which is in complete agreement with the Kac-Kazhdan character formula.
7. Relations with Z–algebras
In this section we shall study connection with the theory of Z–algebras and
extend the results from [9]. As a consequence we shall construct combinatorial
bases of parafermion type for a family of irreducible modules at the critical level.
Let V be any quotient of the vertex algebra V . Consider now the vacuum sub-
space of V :
Ω(V ) = {v ∈ V−2(sl2) | h(n)v = 0 n ≥ 1}.
It was proved in [19] that there is a unique generalized vertex algebra structure YΩ
on Ω(V ) generated by the fields
A+(z) = YΩ(e(−1)1, z) = E−(− 12h, z)Y (e(−1)1, z)E+(− 12h, z)z
1
2h(0),
A−(z) = YΩ(f(−1)1, z) = E−(12h, z)Y (f(−1)1, z)E+(12h, z)z−
1
2h(0).
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where as usual we set for α ∈ Ch
E±(α, z) = exp
 ∑
±n∈Z>0
α(n)
n
z−n
 .
Theorem 7.1. We have:
(1) Ω(V−2(sl2)) ∼= V˜
(2) Ω(L−2(sl2)) ∼= F .
Proof. By explicit realization and description of V−2(sl2) from Proposition 6.2 we
easily see that
Ω(V−2(sl2)) ∼=
⊕
i∈Z
V˜(i) ⊗ eiβ
which implies that Ω(V−2(sl2)) ∼= V˜ as vector spaces. By [19] we know that
Ω(V−2(sl2)) is generated by A+(z) and A−(z). We have:
A+(z) = G+(z)E−(β, z)E−(−β, z)E+(β, z)E+(−β, z)zβ(0)z−β(0) = G+(z)
and similarly A−(z) = G−(z). This proves assertion (1). The proof of assertion (2)
uses similar arguments and description of the simple vertex algebra L−2(sl2) from
Corollary 8.1. of [2]. 
Remark 7.1. In [19], the authors defined certain category Ck whose objects are
Vk(sl2)–modules W which are weight ĥ–modules such that ĥ
+ acts locally nilpo-
tently. They also showed that for every (irreducible) Ω(Vk(sl2))–module U on the
vector space U ⊗MZ(1) there is a structure of (irreducible) Vk(sl2)–module from
the category Ck (for details see [19]; see also [7]).
We should also say that there exists interesting Vk(sl2)–modules which don’t be-
long to the category Ck and which are not of the form U ⊗MZ(1). In particular,
Whittaker modules can not be obtained using the above methods.
Let Ctwk be category of Θ–twisted Vk(sl2)–modulesW on which hˆ+Z+ 12 acts locally
nilpotently.
The generalized vertex algebra Ω(Vk(sl2)) admits a canonical automorphism of
order two induced from the automorphism Θ of Vk(sl2) (for discussion on automor-
phisms of Ω(Vk(sl2)) see [27]). Then by using analogous proof to that of [19] and [27]
one can prove that for every Θ–twisted Ω(Vk(sl2))–module U
tw on the vector space
U tw⊗M 1
2+Z
(1) there is a structure of (irreducible) Θ–twisted Vk(sl2)–modules. In
particular, U tw ⊗M 1
2+Z
(1) is a ŝl2[Θ]–module. In the case of critical level, since
Ω(V−2(sl2)) ∼= V˜ , our construction proves that U tw ⊗M 1
2+Z
(1) can be equipped
with the structure of an (irreducible) Θ–twisted Vk(sl2)–module in the category
Ctwk for k = −2. On the other hand for every Θ–twisted Vk(sl2)–module W from
the category Ctwk , let
Ω(W ) = {v ∈W | h(n)v = 0, n ∈ 12 + Z+}.
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Theorem 7.2. Assume that (W,Y twW ) is any Θ–twisted V−2(sl2)-module from the
category Ctw−2. Then (Ω(W ), Y twΩ ) has the structure of a ΘV˜–twisted V˜–module
uniquely determined by the vertex operators
A+(z) = Y twΩ (e(−1)1, z) = E−tw(−
h
2
, z)Y tw(e(−1)1, z)E+tw(−
h
2
, z),
A−(z) = Y twΩ (f(−1)1, z) = E−tw(
h
2
, z)Y tw(f(−1)1, z)E+tw(
h
2
, z).
Assume that W is isomorphic to a module U tw ⊗ FTj−1 constructed from the irre-
ducible Atw–module U tw such that for n > 0 T (n) = 0 on U tw (see Section 4).
Then Ω(W ) ∼= U tw as a vector space and the action of A±(z) is as follows:
A+(z) = G+(z)E−tw(−j, z) =
∑
n∈12Z
G˜(n)z−n−1,
and A−(z)|z1/2→−z1/2 = A+(z).
Proof. Note that Y tw(e(−1)1, z) = X+(z), Y tw(f(−1)1, z) = X−(z) and recall that
the OPE’s of the twisted affine Lie algebra [18] are given by
X+(z)X−(w) ∼ α(w)
2(z1/2 − w1/2) +
C
4(z1/2 − w1/2)2 ,
where α(z) =
∑
n∈Z++1/2 α(n)z
−n−1/2 and X±(z) =
∑
n∈Z/2X±(n)z
−n−1/2.
On the other hand we also have
E+tw(α, z)E
−
tw(β,w) = E
−
tw(β,w)E
+
tw(α, z)(
z1/2 − w1/2
z1/2 + w1/2
)(α,β)
E±(α, z) = E±(α,w)
(
1− 2α∓(w)(z1/2 − w1/2)
−2α′∓(w)(z1/2 − w1/2)2 + · · ·
)
where α(z)± =
∑
±n∈N−1/2 α(−n)zn−1/2 and α′(z)± = ∂zα±(z). Using this we
obtain that
A+(z)A−(w) = E−tw(−
h
2
, z)X+(z)E
+
tw(−
h
2
, z)E−tw(
h
2
, w)X−(w)E+tw(
h
2
, w)
= E−tw(−
h
2
, z)E−tw(
h
2
, w)X+(z)X−(w)E+tw(−
h
2
, z)E+tw(
h
2
, w)(
z1/2 + w1/2
z1/2 − w1/2 )
∼ 2w
1/2 : X+(w)X−(w) :
z1/2 − w1/2 +
E−tw(−h2 , z)E−tw(h2 , w)h(w)E+tw(−h2 , z)E+tw(h2 , w)
2(z1/2 − w1/2)2(z1/2 + w1/2)−1
− E
−
tw(−h2 , z)E−tw(h2 , w)E+tw(−h2 , z)E+tw(h2 , w)
2(z1/2 − w1/2)3(z1/2 + w1/2)−1
which is simplified to the following:
∼ 2w
1/2 : X+(w)X−α(w) :
z1/2 − w1/2 +
w1/2(: h(w)2 : −h′(w))
z1/2 − w1/2 −
w1/2
(z1/2 − w1/2)3 .
Note that the operator
S(z) =
1
2
(2 : Xα(z)X−α(z) : + : h(z)2 : −h′(z))
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is central at the critical level and it represents S(z). This shows that the operators
A+(z) and A−(w) satisfy the twisted superconformal algebra defined by G±(z),
where T (z) acts trivially. This proves that (Ω(W ), Y twΩ ) is a ΘV˜–twisted V˜–module.

In view of parametrization of the twisted modules by χ in Theorem 6.2, the
following description of the general vacuum space is clear from the above discussion.
Proposition 7.1. Assume that χ(z) = χ(1)(z) + χ(2)(z) where
χ(1)(z) =
∞∑
n=0
χ−nzn−1, χ(2)(z) =
∞∑
n=0
χ−n−1/2z
n−1/2.
Then
Ω(FTi(χ)⊗ FTj−1) = Φ1(FTi(χ))
as Θ–twisted V˜–modules. In particular, if χ(2)(z) = 0, then FTi(χ) is a ΘV˜–twisted
V˜–module and Ω(FTi(χ)⊗ FTj−1) ∼= FTi(χ).
7.1. Combinatorial bases of modules at the critical level. Our approach can
be used to construct a basis for the twisted module at the critical level.
Corollary 7.1. Assume that χ(z) ∈ C(z 12 ) such that one of the conditions (1.1)-
(1.3) of Theorem 1.2 hold. Then FTi(χ) is a irreducible Atw–module and the set
of vectors
G(p− n1)G(p− n2) · · ·G(p− nr)h(−m1) · · ·h(−ms)(1⊗ 1)
such that r, s ≥ 0, ni,mj ∈ 12Z≥0 and
n1 > n2 > · · · > nr > 0, m1 ≥ m2 ≥ · · · ≥ ms > 0
is a basis of the irreducible Θ–twisted V−2(sl2)–module FTi(χ)⊗ FTj−1.
Corollary 7.1 also describes a combinatorial basis of irreducible highest weight
module L((−2 − t)Λ0 + tΛ1) where t ∈ {−1} ∪ (C \ Z). The bases of remaining
irreducible highest weight modules are described in the following result.
Corollary 7.2. Assume that µ1 = (−2 − t)Λ0 + tΛ1, µ2 = tΛ0 − (2 + t)Λ1 for
t ∈ Z≥0. Then the set of vectors
G(−n1)G(−n2) · · ·G(−nr)h(−m1) · · ·h(−ms)vµi
such that r, s ≥ 0, ni,mj ∈ 12Z≥0, ni 6= t2 + 12 , and
n1 > n2 > · · · > nr > 0, m1 ≥ m2 ≥ · · · ≥ ms > 0
is a basis of L(µi), i = 1, 2 in the principal picture.
These two results give the proof of Theorem 1.3 from the Introduction.
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